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ABSTRACT 

The paper describes a new technique f o r  convert- 
i n g  a constrained op t im iza t i on  problem t o  an 
unconstrained one, and a new method f o r  m l t i -  
ob jec t i ve  op t im iza t i on  based on t h a t  technique. 
The technique transforms the  ob jec t i ve  funct ions 
i n t o  goal const ra in ts .  The goal cons t ra in t s  are 
appended t o  the  set o f  behavior cons t ra in t s  and 
the envelope o f  a l l  funct ions i n  the  set i s  
searched fo r  an unconstrained minimum. The 
technique may be categorized as a SUMT algor-  
ithm. I n  m l t i - o b j e c t i v e  appl icat ions,  t he  
approach has the advantage o f  l o c a t i n g  a com- 
promise minimum wi thout  the need t o  opt imize f o r  
each i n d i v i d u a l  ob jec t i ve  func t i on  separately. 
The constrained t o  unconstrained conversion i s  
described, fol lowed by a desc r ip t i on  o f  t he  
m u l t i o b j e c t i v e  problem. Two example problems 
are presented t o  demonstrate the robustness o f  
t h e  method. 

NOMENCLATURE 

A cross sec t i ona l  area 
Youngs Modulus o f  member i 
k- th  o b j e c t i v e  func t i on  
i ron  

Fk - Fe 
F g lobal  c r i t e r i o n  o r  compromise objec- 

t i v e  f u n c t i o n  
F* reduced o b j e c t l v e  func t i on  or goal 

c o n s t r a i n t  
se t  o f  funct ions 
problem cons t ra in t s  

El I 

f J 
91 
J NCON + NOBJ 
K -S Kreisselmei er -Ste i  nhauser f u n c t i  on 
NCON number o f  cons t ra in t s  
NOBJ number o f  o b j e c t i v e  funct ions 
T i  t i t a n i u m  
X vector o f  design var iab les 
P K-S c o e f f i c i e n t  
Superscr ip ts  

cm constrained minimum 
0 i n i t i a l  design p o i n t  
S scaled value 
Subscr ip ts  

i i t h  element 
j j t h  element 
k k t h  element 
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I NTROOUCT ION 

The paper has two purposes: 
opt i m l  za t j on  p r a c t i t i o n e r s  ' a t t e n t  i o n  a new 
technique f o r  conver t ing a constrained opt imlz-  
a t i o n  problem t o  an unconstrained one, and t o  
present a new method fo r  m u l t i o b j e c t i v e  opt imiz-  
a t i o n  based on t h a t  technique. 

The conversion technique' may be categorized as 
a "Sequential Unconstrai ed Min imizat ion Techni - 
requi re the use o f  a draw-down factor ,  u n l i k e  
the c l a s s i c a l  procedure. Also, the unconstrain- 
ed func t i on  i t  uses t o  represent the constrained 
problem a t  hand i s  def ined over both the feas- 
i b l e  and i n f e a s i b l e  domaip, s i m i l a r  t o  an 
extended penal ty  func t i on  . 
D i f f i c u l t y  i n  d e f i n i n g  a s i n g l e  ob jec t i ve  func- 
t i o n  i n  many engineering design problems i s  a 
mo t i va t i on  f o r  cont inu ing i n t e r e s t  i n  develop- 
ment o f  techniques fo r  n u l t i o b j e c t i v e  optimiza- 
t i o n  appl icat ions.  Many o f  the n u l t i o b j e c t i v e  
op t im iza t i on  methods requ i re  e i t h e r  a conversion 
t o  a s i n g l e  o b j e c t i v e  func t i on  by means of a 
composite func t i on  w i t h  judgmental "weight fac- 
tors", o r  separate opt imizat ions f o r  each objec- 
t i v e  fo l lowed by an a d d i t i o n a l  "g lobal "  , o p t i m i z -  
a t i o n  t o  a r r i v e  a t  a s u i t a b l e  compromise . The 
technique introduced i n  t h i s  paper, f o r  the con- 
s t  rained-to-unconstrained opt imizat  i o n  problem 
conversion, i s  a l so  shown t o  have an i n t r i n s i c  
appl i c a b i  11 t y  t o  m l  t i o b j e c t i  ve opt imizat ion.  
I t s  primary b e n e f i t  i n  t h a t  app l i ca t i on  i s  t h e  
e l i m i n a t i o n  o f  t he  p o t e n t i a l l y  expensive sepa- 
r a t e  opt imizat ions f o r  each object ive.  

t o  b r i n g  t o  the  

que" (SUMT) class metho d but  f t  does not 

-TRAINED-TO-UNCONSTRAINED CONVERSION 

The conversion technique replaces the cons t ra in t  
boundary surfaces and the o b j e c t i v e  func t i on  
sur face i n  n-dimensional design space with a 
s i n g l e  envelope surface constructed usin# the 
Kre isse lmeier-Ste i  nhauser (K-S) f unc t i on  f i r s t  
in t roduced for op t im iza t i on  o f  con t ro l  systems. 
That f unc t i on  has subsequently been establ  tshed 
i n  s t r u c t u r a l  op t im lza t i on  as a means t o  replace 
many c o l s t r a i n t s  w i t h  a s i n g l e  cumulative con- 
s t r a i n t  . The funct ion i s  a d t f f e r e n t i a b l e  
envelope o f  a set o f  funct ions f j ( X )  and i t  
has th is .  form: 

- ..-. - 
T h i s  papor i s  dec lared a work of the U.S. 
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' and a proper ty  such t h a t  f u r t h e r  o f f s e t  by sub t rac t i ng  hx. The 
s h i f t i n g  and o f f s e t t i n g  I s  expressed as fo l lows:  

where P controls the d l r tance  of the  K-S enve- 
l ope  sur face frol the f surface. The K-S 
f u n c t i o n  may be ngarde!%r analogous t o  the MAX 
func t i on  ava i l ab le  i n  many high-order program- 
n l n g  languages but, u n l i k e  the  MAX function, i t  
i s  d i f f e r e n t  i able (value- and slope-cont inuous) ; 
therefore,  i t  my be c a l l e d  upon by a gradient -  
guided op t im iza t i on  a lgo r i t hm t o  search f o r  a 
minimum o f  

The constra 
solved w i t h  
conventiona 

minimize Fk 

such t h a t  

he envelope o f  a set o f  functions. 

ned op t im iza t i on  problem t o  be 
the a i d  o f  the K-S f unc t i on  i s ,  i n  

formulation: 

X), k = 1 t o  NOBJ; (3 )  

g i (X )  LO, i 1 t o  NCON; 

where cons t ra in t  funct ions g i  are w r i t t e n  i n  
terms o f  t he  computable functions, termed DEMAND 
( X )  and CAPACITY (X) ,  t h a t  prov ide the measures, 
respec t i ve l y ,  o f  what the design i s  asked t o  
ca r ry  versus what it can sustain: 

( X )  9 DEMAND( X)/CAPACITY ( X )  -1 ( 4 )  

For i n t roduc to ry  purposes, Fk(X) f n  equation 3 
I s  a s i n g l e  ob jec t i ve  (i.e., NOBJ = 1); exten- 
s i o n  t o  many ob jec t i ves  w i l l  f o l l o w  l a t e r .  To 
formulate the  K-S f unc t i on  as an envelope of t he  
o b j e c t i v e  funct ions and const ra in ts ,  one has t o  
normalize the  ob jec t i ve  f u n c t i o n  i n  order t o  
make i t  comparable t o  the normalized cons t ra in t  
funct ions.  The normalized o b j e c t i v e  and con- 
s t r a i n t  funct lons form a set o f  funct ions whose 
envelope i s  approximated by the  K-S funct ion.  
An unconstrained minimum (except f o r  the usual 
s i d e  cons t ra in t s )  o f  the K-S envelope may be 
found by any s u i t a b l e  search algori thm. 

The procedure formulated' i s  i l l u s t r a t e d  i n  
f i g u r e s  1 and 2. For graphic s i m p l i c i t y ,  one 
design v a r i a b l e  i s  shown. To make t h i s  paper 
se l f -conta ined t h e  procedure i s  res ta ted  here i n  
descriptive t e r n  keyed t o  f i g u r e s  1 and 2. 

A s i n g l e  design va r iab le  x i s  measured on t he  
h o r i z o n t a l  axis. The o b j e c t i v e  func t i on  F and 
c o n t r a i n t  funct ions gi and gz are represented on 
t h e  v e r t i c a l  axis. The i n l t l a l  design p o i n t  i s  
a t  x = xo where the cons t ra ln t s  are v i o l a t e d  and 
the  o b j e c t i v e  has the value F". By inspection, 
t he  const ra ined minimum l i e s  a t  xcm. The 
r q u i r e m e n t  i s  t o  l oca te  t h a t  minimum s t a r t i n g  
frm xo. 

Re fe r r i ng  t o  f l g u r e  1, the  o b j e c t i v e  funct ion i n  
i t s  o r i g i n a l  form before normal izat ion i s  

F". The scaled i s  then s h i f t e d  t o  

I t  

by d i v i d i n g  F by 

u b t r a c t i n g  u n i t y  and 

2 

F+ = ( F ~  - I) - hx 

which mves  the  ob jec t i ve  func t i on  t o  F* i n  
f i g u r e  1. The normallzed, shif ted, and o f f s e t  
ob j cc t t ve  functfon, F w i l l  be r e f e r r e d  t o  as 
a reduced ob jec t i ve  funct ion.  The reduced 
ob jec t i ve  func t i on  I s  inc luded w i t h  the con- 
s t r a i n t  funct ions t o  form a set o f  funct ions 
f j ( x )  whose envelope i s  approximated by the  
K-S f unc t l on  shown by the  dashed l i n e .  

An unconstrained minimum o f  t h a t  K-S f unc t i on  i s  
found at  x by means of any search method s u i t -  
ab le f o r  unconstrained opt imizat ion.  Locat ing 
t h a t  minimum completes one cyc le o f  the proce- 
dure. The procedure cyc le  count should not be 
confused w i t h  the count of the i t e r a t i o n s  c a r r l  - 
ed out by the unconstrained minimum search algo- 
r i t hm;  many o f  the l a t t e r  i t e r a t i o n s  may be 
needed i n  one o f  t he  former. 

Re fe r r i ng  t o  f i gu re  2, the next cyc le  s t a r t s  
w i t h  f and F ,. Equation 5 i s  used t o  compute a 
new F using F . This formulat ion takes i n t o  
account t h a t  L a x  may be a negative value. 
The K-S f unc t i on  i s  f i t t e d  t o  the set (gi ,gz .F;) 
using equation 1 and i t s  minimum i s  found at  x . 
This completes cyc le  2 o f  t he  op t im iza t i on  pro-  
cedure. Successive cycles are cgntinued u n t i l  
convergence. 

It i s  apparent, from t h e  above two cycles, t h a t  
t he  unconstrainfd mini$ progress from the  
i n i t i a l  x" t o  x , t o  x , approaching the  con- 
s t ra ined  minimum a t  xcm. One may a lso observe 
t h a t  i n  contrast  t o  cyc le  1, cyc le  2 s t a r t s  from 
a f e a s i b l e  design. This i l l u s t r a t e s  the capa- 
b i l i t y  o f  proceeding e i t h e r  from an i n f e a s i b l e  
o r  a feas ib le  i n i t i a l  deslgn po in t .  F i n a l l y ,  i t  
should be noted t h a t  t he  process o f  s h i f t i n g  and 
o f f s e t t i n g  changes the p o s i t i o n  o f  the normaliz- 
ed ob jec t i ve  but  perserves i t s  slope f o r  each 
cycle. 

A t  the i n i t i a l  l o c a t i o n  xo, t he  K-S f unc t i on  
r e f l e c t s  almost exc lus l ve l y  the geometrical pro-  
p e r t i e s  o f  t he  cons t ra in t  boundary g i .  I n  con- 
t r a s t ,  t he  o b j e c t i v e  f u n c t i o n  dominates the  K-S 
envelope func t i on  i n  the  search f o r  a minimum i n  
the  case o f  a f e a s i b l e  design. Consequently. if 
a design p o i n t  i n  t h e  midst o f  the i - t h  cyc le  i s  
i n feas ib le ,  t he  search d i r e c t i o n  toward a small- 
e r  K-S envelope w i l l  p o i n t  toward smaller values 
o f  the dominant cons t ra in t ,  thus reducing the 
amount o f  cons t ra in t  v i o l a t i o n  a t  the poss ib le  
expense o f  Increas ing the  ob jec t i ve  funct ion.  
On the other hand, i f  t h a t  design i s  f eas ib le ,  
t he  search d i r e c t l o n  toward reduced K-S values 
w i l l  be equiva lent  t o  moving toward l esse r  
values o f  t he  o b j e c t i v e  a t  the poss ib le  expense 
of increas ing the values o f  the s a t i s f i e d  domi- 
nant const ra in ts .  

. 

-. 
The process converges t o  the s t a t e  shown i n  
f i g u r e  3 when i t  i s  no longer poss ib le  t o  reduce 
t h e  ob jec t i ve  f u n c t i o n  wi thout  v i o l a t i n g  t h e  
const ra ln ts .  A t  t he  const ra ined rnininum p o i n t  



t h e  fo rnu la  of equation 5 produces no o f f s e t  

~ ~ ~ ~ ~ ~ y % & t e d  a t  t h e  boundary sur face of t h e  
maximal const ra in t .  Generalized t o  n-dinensf on- 
a1 space w l th  m const ra in ts ,  t he  unconstrained 
minima o f  tk K-S mve lope  constructed as above 
approximates tho l o c a t i o n  of a constrained m in i -  

deflned by a fu l l  wrtex o f  the design 
space, or by a point of  tangency between the  
ob jec t i ve  f u n c t i o n  and the  dominant const ra in t ,  
or a mixture of these two extreme condit ions. 

= 0. The Constrained minimum i s  

W L T I  OBJECT I VE OPTIMI ZAT I ON 

The same procedure described above. appl ied i n  
t h i s  case, w i l l  e s t a b l i s h  a sequence of K-S 
envelope minima with each K-S envelope func t i on  
conta in ing a l l  o f  the reduced ob jec t i ve  func- 
t i ons .  Sfnce a l l  normalized o b j e c t i v e  funct ions 
i n t e r s e c t  a t  the same p o i n t  located a t  xo, t h e i r  
values i n  the i n t e r v a l  x > xo i n t o  which the 
search w i l l  be progressing w i l l  rank according 
t o  the magnitudes o f  the corresponding slopes 
( f o r  a convex problem). The sequence leads t o  a 
constrained minimum po in t ,  where the conf igura-  
t i o n  o f  cons t ra in t  boundaries and reduced objec- 
t i v e  functions are i l l u s t r a t e d  i n  f i g u r e  4. The 
con f igu ra t i on  i s  i d e n t i c a l  t o  t h a t  shown i n  f i g -  
u re  3 except f o r  t he  presence o f  several objec- 
t i v e  functions, a l l  o f  nh ich i n t e r s e c t  a t  the 
constrained minimum p o i n t  a f t e r  sca l i ng  and o f f -  
se t t i ng .  The constrained n u l t i o b j e c t i v e  minimum 
point ,  i l l u s t r a t e d  i n  f i g u r e  4, has the proper ty  

t t ha t  one can not depart from i t  wi thout  e i t h e r  
v i o l a t i n g  the c o n s t r a i n t ( s )  o r  increas ing a t  
l e a s t  one o f  t h e  o b j e c t i v e  funct ions - the  c las -  
s i c a l  d e f i n i t i o n  o f  a pareto-optimum. It i s  
po in ted  out I n  the appendix how the method 
r e l a t e s  t o  the  goal p rog raming  c lass o f  a lgor-  
ithms. 

NUMERICAL EXAMPLES 

The method was tes ted  us ing a three-bar t r u s s  
design prqblem, f i g u r e  5, which i s  a c l a s s i c a l  
t e s t  case . The t r u s s  i s  considered s y m t r i c ,  
thus A1 = b and E1 = E3. This problem consi- 
ders two d i s t i n c t  load cases PI and P2. The 
problem i s  general ized by i n c l u d i n g  t h e  angle a 
w i t h  the cross-sect ional  areas AI, A2 as a t h i r d  
design var iab le.  I n  addi t ion,  two ma te r ia l s  are 
used. A1 and A3 are made o f  the same mate r ia l  
and 42 i s  constructed o f  a d i f f e r e n t  ma te r ia l .  
The goal o f  t he  op t im iza t i on  i s  t o  minimize 
combinations o f  weight, cost and support area 
width D i n  f i g u r e  5. Steel, w i t h  a greater  
Youngs Modulus and inexpensive, and t i tan ium, 
with a greater  s t ress  allowable, a loner  Youngs 
Modulus, and much m r e  expensive were se lected 
as t h e  two mater ia ls  t o  prov ide f o r  a meaningful 
t rade -o f f  between the ob jec t i ves  o f  weight and 
cost. I n t roduc t i on  o f  the angle 0 br ings  i n  t h e  
dlnension D, a func t i on  of a, as a considerat ion 
i n  design; reduct ion o f  D increases the  forces 
i n  t h e  members and a l so  reduces the  length of 
t h e  outer  members, such t h a t  a complex coupl ing 
of t he  geometry, weight, cost, and s t rength i s  
created. The t r u s s  analys is  i s  given i n  the 

Appendix and the  mater ia l  propert ies, i n c l u d l n g  
costs, are s ta ted  i n  t a b l e  1. 

V e r i f i c a t i o n  of the method w i t h  one mate r ia l  
common t o  a l l  t h e  mnbers, the ob jec t l ve  o f  min- 
inum weight, the angle a f lxed a t  45 degrees, 
and t h e  two cross-sectional areas A i  and 14 as 
the only two design variables, y ie lded  r e p l t s  
which agreed with the  c l a s s i c a l  t e s t  case . 
Subsequently, a number o f  op t im iza t i on  experi - 
ments were c a r r i e d  out w i t h  various combinations 
o f  mater ia l  conf igurat ions,  choice o f  design 
variables, and se lec t i on  o f  objectives. I n  a l l  
cases the search f o r  the minimum of the K-S 
f u n c t i o n  envelope was c a r r i e d  outeby the 
Davidon-F1 etcher-Powel 1 a1 g o r i  thm . 
Table 2A d isp lays a l i s t  of cases, showing f o r  
each case the  ob jec t i ve  func t i on (s ) ,  mater ia l  ( 5 )  
used f o r  the t russ  members and design v a r i -  
ab le(s) .  For example, case 9 i n  t a b l e  2A uses 
weight and the dimension D as ob jec t i ve  func- 
t i ons ;  s tee l  f o r  the outboard members; t i t a n i u m  
f o r  the center member; and A i ,  A2, and a as 
design variables. I n i t i a l  condi t ions o f  A i ,  k ,  
and a f o r  a l l  cases of t a b l e  2A are given i n  
parenthesis, tab1 e 28. 

The r e s u l t s  i n  t a b l e  28, corresponding t o  the 
cases o f  t a b l e  2A, show cons is ten t l y  t he  
method's a b i l i t y  t o  generate optima for  s ing le  
and several ob jec t i ves  fo r  the example problem. 
I t i s  i n s t r u c t i v e  t o  observe tha t  when an o p t i -  
mizat ion i s  executed w i t h  a s ing le  ob ject ive,  
f o r  example, t he  weight, and then repeated w i t h  
add i t i ona l  ob ject1 ves, the 1 a t t e r  are s i g n i  f i - 
can t l y  reduced a t  the p r i c e  o f  a r e l a t i v e l y  
small increase of t he  former - see f o r  instance 
t h e  cases 10, 12, and 16 f o r  (T /F /T ) 
and cases 9, 11, and 13 for  ( F e h i % e J -  
These cases are a l so  i l l u s t r a t e d  g raph ica l l y  i n  
f i gu res  6 and 7. 

Cases 15 and 18 i n  t a b l e  28 inc lude r e s u l t s  
obtained by the  g lobal  c r i t e r i o n  formulation4. 
That method solves a m u l t i o b j e c t i w  op t im iza t i on  
problem by f i r s t  executing separate optimiza- 
t i o n s  f o r  each o f  t he  ob jec t i ves  Fk t o  ob ta in  
a set o f  f e a s i b l e  minimum so lu t i ons  Fk 
Next, a search i s  c a r r i e d  out f o r  a cowin* 
s t ra ined  minimum o f  a compromise ob jec t i ve  F(X) 
where 

such t h a t  

g i (X )  5 0, i 9 1 t o  NCON; 

Comparison w l t h  cases 19 and 20 respec t i ve l y  
shows a good natch between the method repor ted 
here in and t h e  global method, f i g u r e  7. 

Add i t i ona l  t e s t  cases, not included i n  the  
above, were c a r r i e d  oat  s t a r t i n g  the optimiza- 
t i o n  procedure from a v a r i e t y  o f  i n i t i a l l y  feas- 
l b l e  and i n f e a s i b l e  po ints .  Convergence t o  the 
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same optlmal design was observed, regardless o f  
t h e  I n l t l r l  point, except f o r  cases which 
c l e a r l y  Ind icated ex ls tcnce o f  l o c a l  minima. 
One should note t h a t  by ad jus t i ng  the  
c o e f f i c l c n t  P I n  q u a t i o n  1 touard smal ler  
values, one can k e g  the K-5 f unc t i on  from 
'dfpping" I n to  f n f e r t o r  l o c a l  atlnima, thus 
r a i n t a l n i n g  t h e  search advance toward the  g lobal  
miniaunt. A method f o r  controlling P has been 
suggested'. T y p i c a l l y  P may be he ld  constant 
a f t e r  a proper value i s  determined. It should 
be noted t h a t  the c o e f f i c i e n t  P af fords the user 
a degree of con t ro l  over the procedure. On the  
other  hand, problem dependent s e n s i t i v i t y  o f  the 
procedure t o  t h a t  c o e f f i c i e n t  may be a drawback 
which forces experimentation t o  f i n d  a range of 
P values f o r  t he  case a t  hand. 

The second example i s  an op t im iza t i on  o f  an 
e l e c t r i c  power transmission l t n e  shown i n  f i g u r e  
8. The nomenclature f o r  t h t s  problem i s  l i s t e d  
i n  the  appendtx. The l i n e  i s  assumed t o  extend 
over a f i x e d  d is tance D. over a f l a t  t e r ra in .  
It comprises equidts tant  towers, separated by a 
d is tance L, assumed t o  be th in -wa l l ed  c y l i n d r i -  
ca l  columns o f  radius R, wi th  a constant wa l l  
th ickness t. A l l  towers are geometr ica l ly  iden- 
t i c a l  and made o f  s tee l .  Differences between 
the  weight and cost of the rea l  towers and t h e i r  
i d e a l i z a t i o n  as c y l i n d r i c a l  columns are repre- 
sented by shape factors .  The towers support 
t h ree  p a r a l l e l  e l e c t r t c  cables made o f  an alumi- 
num a l l oy .  The cable wetght and the  weight o f  
i c e  accumulated on the cables are the combined 
loads q, which put  t h e  cables I n  tens ion and the  
towers i n  compression. The cables are assumed 
t o  be i n f i n i t e l y  r i g i d  i n  tens ion so tha t  they 
fonn a catenary curve between the  towers. The 
catenary sag i s  assumed small r e l a t i v e  t o  the 
cable l eng th  so t h a t  a pa rabo l i c  approximation 
t o  the  catenary equation i s  used. Constra in ts  
are placed on t h e  stresses i n  the towers due t o  
y l e l d i n g ,  c y l l n d e r  w a l l  buckl ing, and column 
buckl lng. Colunn bendfng f s  a lso  considered f o r  
t h e  case o f  f a i l u r e  o f  a l l  cables a t  a p o i n t  I n  
t h e  l i n e .  Tens i l e  s t ress cons t ra in t s  are impos- 
ed f o r  t he  e l e c t r l c  cables, and the  cable-to- 
ground clearance i s  constrained. Side con- 
s t r a i n t s  are imposed on t h e  cable cross-section- 
a l  areas A, t he  tower geometry, and the d is tance 
between towers L. Another s ide  cons t ra tn t  t s  
prescr ibed for  a minimal cable cross sec t i ona l  
area A as requ i red  f o r  e l e c t r i c  power transmis- 
sion. Problem design var iab les are the  d is tance 
between towers L, tower he ight  H, column radius 
R, w a l l  thickness t, cable cross-sectional area 
A, and cable tenslon, P. The problem ob jec t i ves  
are the  t o t a l  weight o f  s tee l  and aluminum W ,  
t h e  t o t a l  cost, and t h e  tower he ight .  The cost 
o b j e c t i v e . e n t a i l s  the cost o f :  s tee l ,  aluminum, 
and tower foundations. The height  ob jec t i ve  i s  
inc luded t o  r e f l e c t  environmental spec i f i ca -  
t i ons ,  a t y p i c a l  unquant i f iab le  conslderat lon 
engineers are being confronted with inc reas ing l y  
of ten.  

This  case I s  r i c h  i n  complex I n t e r a c t i o n  among 
the  deslgn varlables. For example, the requi red 
cable-to-ground clearance may be a t t a i n e d  by a t  
l e a s t  t h ree  d i f f e r e n t  means. Increas ing the  
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tower height, cable tension, or decreasing the  
tower-to-tower distance. However, each o f  these 
means has a d i f f e r e n t  inf luence on each o f  the 
ob jec t l ve  funct lons and const ra in ts .  

D e t a i l s  o f  t he  exalnple analys is  are provlded i n  
t h e  Appendix. Table 3A disp lays a l i s t  o f  cases 
f o r  t h i s  example. Op t lm i ta t i on  r e s u l t s  f o r  CM- 
b ina t i ons  o f  the ob jec t i ve  functlons are given 
I n  t a b l e  38. I n i t i a l  condl t ions o f  design v a r i -  
ables f o r  a l l  cases are given i n  parenthesis, 
t a b l e  38. Figure 9 d isp lays r e s u l t s  o f  several 
cases o f  discussion graphica l ly .  The resu l t s ,  
agatn, show tha t  the method has the a b i l l t y  t o  
l oca te  compromise designs s a t i s f y i n g  a l l  t he  
const ra in ts .  The op t im iza t i on  f o r  cost on ly  
(case 2)  reduces the cost by 28% of the cost of 
the minimum weight design, case 1, wh i le  increa-  
s ing  the  weight by only 9%. I n  contrast, the 
reduct ion o f  the tower he ight  ob jec t i ve  i s  much 
more expensive t n  terms of the weight and cost 
(because the cable tenston tends t o  i n f i n i t y  as 
t h e  tower he ight  approaches the requi red cable 
ground clearance). Thus, the i nc lus ion  o f  the 
tower he ight  as another ob ject ive,  along w i t h  
weight and cost, r e s u l t s  I n  the cost, case 6, 
near ly  12 times greater  and weight near ly  3 
tfmes greater than the weight and cost of t he  
minimum cost only design, case 2. I n  the  l a t t e r  
case. the towers are n l d e l y  separated and made 
t a l l  which reduces the cost o f  the tower founda- 
t ions.  On the other  hand, the cost and weight 
o f  t he  compromise design, case 6, are 72 and 50% 
lower than those o f  t he  design f o r  mininum 
height  alone, case 3. 

CONCLUDING REMARKS 

A new technique' f o r  conver t ing a constrained 
minima problem t o  an unconstrained one was 
demonstrated t o  be a usefu l  t o o l  i n  s i n g l e  
ob jec t l ve  and m u l t f o b j e c t f v e  appltcattons. The 
technique transforms the  o b j e c t i v e  funct ions 
t n t o  goal const ra in ts ,  t he  goal value f o r  each 
ob jec t i ve  i s  an adjustable quant i ty .  The objec- 
t i v e  goal cons t ra tn ts  are then appended t o  the 
set  o f  behavior cons t ra in t s  and the  envelope 
(cumulative c o n s t r a i n t )  t o  a l l  the functtons i n  
t h e  set i s  constructed us ing the  K r e i s s e l m t e r -  
Steinhauser funct ion,  whose minimum i s  searched 
f o r  by any unconstrained m in im iza t i  n a lgo r i t hm 
( the Davidon-Fletcher-Powell me tho8  was used i n  
t h e  repor ted study). Search toward the  minimum 
o f  the envelope funct ion advances the design 
toward the  compromise constrained minimun. That 
minimum i s  reached i n  an i t e r a t i v e  procedure, 
which updates a set o f  behavior and ob jec t i ve  
goal cons t ra in t s  and t h e t r  envelope func t i on  a t  
t he  outset  o f  each i t e r a t i v e  cycle. By repre- 
sent tng the o b j e c t i v e  func t i on (s )  as o b j e c t i v e  
goal Constraints, t he  metbod i s  re la ted  t o  the 
goal p rog raming  approach , and the constralned 
minimum i t  a t t a i n s  conforms t o  the c l a s s l c a l  
pareto:optimum d e f i n i t i o n .  

The method t y p i c a l l y  converged a f t e r  8 t o  50 
cycles, depending on the mix o f  design v a r i -  
ables, parameters and - o b j e c t i v e  functions. 
The technique was demonstrated on va r lab le  
geometry and cross-sect ion trusses b u i l t  of 
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I 
' 1  

I -  
d l f t e m n t  n r t e r i a l s  c o n t r i b u t i n g  a wide range of 
uchrnlcal properties and cost t o  t h e  design 
objectlves. Object ives a l so  inc luded t h e  amount 
of space occupfed by the truss on i t s  support 
surface. An e x m p l e  o f  an e l e c t r i c  power 
t r a n s n l s r l o n  ifm was also optlnlzed fo r  a 
c o l p r o d u  d -4m. Thr ob jec t l ves  wem 
r r t e r l r l  rOtrr, cart, and rapport tower height. 

The mthod m u t t s  corprred w e l l  w i t h  those 
obtafnad by a goal p rog raming  a l g o r l t h  and t h e  
m t h o d  performance was s a t i s f a c t o r y  i n  a l l  o f  
t he  s i n g l e  and m u l t i o b j e c t i v e  t e s t  problems. I n  
con t ras t  t o  o ther  m u l t i o b j e c t i v e  op t im iza t i on  
procedures, the nethod showed an a b i l i t y  t o  
l oca te  conpromise optimum designs wi thout  t he  
expense of having t o  opt imize i n d i v i d u a l  
ob ject ives.  

I .  

2. 

3. 

I 4  

4. 

5. 

6. 

7. 

8. 

9. 
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"An 

APPENDIX 

Step-by-step Opt imizat ion Procedure 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

Set i t e r a t i o n  counter K-0; I n l t i a l i z e  x - 
X.; 

Execute analys is  o f  t he  problem t o  
ob ta in  Fk and gi's; 

Define a reduced o b j e c t l v c  func t i on  per 
equation 5; 

Define an envelope func t i on  K-S(F*,gj) per 
equation 1; 

Find coordinates X o f  the 
unconstrained (exc@ for  s ide cons t ra in t s )  
minimum o f  t he  K-S funct ion by any 
suitableunconstrained opt imizat ion 
algori thm. 

Reset K = K + 1, and reset  XK = xmin;. 

Repeat from 12 u n t i l  convergence c r i t e r i a  i s  
s a t i s f i e d .  

A computational cost saving opt lon i n  step 5 i s  
t o  execute only a l i m i t e d  number o f  steps toward 
t h e  K-S minimum ins tead  o f  a f u l l  f ledged func- 
t i o n  minimization. Under t h a t  option, one may 
begin w i t h  a s i n g l e  step and progress ive ly  
increase the number o f  steps as the procedure 
advances. I n  the  case o f  many objecmve func- 
t i o n s  step 3 i s  c a r r i e d  out f o r  a l l  o f  the$, and 
t h e  e n t i r e  set o f  t he  reduced object ives F 
are inc luded as arguments i n  the K-S f unc t i on  i n  
step 4. 

pna lys i s  o f  t h e  Truss Example 

Re fe r r i ng  t o  f i g u r e  5, the t russ  i s  analyzed as 
a system w i t h  two e l a s t i c  degrees o f  freedom. 
U t i l i z i n g  the s t i f f n e s s  method the f o l l o w i n g  
l oad /de f l ec t i on  equations are obtained: 

Due t o  synmetry K12 = lk1. 

Where: 

K i i  cos2a(kj + k l ) ;  

K12 = -cos0 ks sina + c o s  k l  sina; A2 

K22 = sin'a(k3 + k l )  t k2; 

and : 
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The d e r  s t i f f n e s s  are given as, 

when: 

For load case PI: 

For load case P2: 

The s o l u t i o n  of equation A 1  f o r  load case PI 
y i e l d s :  

u i  = DET"((-P cosa)k22 - ( P i  s i na )k in ) ;  

u2 - DET"((P1 s i n a ) k i i  - (-P c o s a ) k n ) ;  

and fo r  load case P2 y i e l d s :  

I vi  = DET"((P2 cosa)kzz - (P2 s l n a ) k i z ) ;  

u2 - DET"((P2 s i n o ) k i i  - (P2 cosa)ki2); A3 

From the  displacements A3 and Young's moduli 
E f o r  each member the  stresses are recovered 

ai  = ( (u i  cosa + u2 s ino )  / 1 i ) E i ;  

ad fo l lows:  . 

a) = ((-u1 cosa + u2 sina)  / L3)E3; A4 

Analys is  o f  t h e  E l e c t r i c  Power Transmission L i n e  
Example 

Re fe r ing  t o  f i g u r e  8, the mate r ia l  used f o r  t he  
cables I s  2024 aluminum a l l o y .  The ma te r ia l  
used f o r  the towers I s  AIS1 carbon s tee l .  The 
f o l l o w i n g  f s  the  nomenclature used i n  the analy- 
s i s .  The actual  data are noted i n  parentheses. 
i nc lud ing~mln fnum ( lower bounds) values where 
rpp rop r i  ate. 

R - tower mean c y l i n d r i c a l  cross-section rad ius 

1 - tower-to-tower d is tance (minimum 300.0 

t - tower w a l l  thfckness (minfmum 0.125 in.); 
b l  - r a t i o  o f  R / t  (minimum 50); 
b~ - r a t i o  o f  L/H (minimum 4); 

(minlmum 5.0 in.);  

in.); 

H -  
D -  

1 -  
A -  

P -  
f -  
E -  

71 - 
72 - 
73 - 
r m -  
m -  
n -  
so - 
s1 - 
s2 
53 - 
* -  
a 

tower he ight ;  
t o t a l  d is tance covered by the  transmission 
l i n e  (60.0 d.); 
t r u e  length o f  t he  cable between towers; 
cabde cross-section area (ninlrnrn 0.20 
in. ); 
cable tens4 on ; 
sag o f  t he  catenary between towers; 
Yo ng's modulus f o r  s tee l  (towers) (3 .0  x 

specifJc weight o f  aluminum (0.100 
l b / i n .  ); 
s p e c i f i c  weight o f  s tee l  (0.284 l b ~ p . ~  1; 
s p e c i f i c  weight o f  I c e  (0.033 l b / i n .  ); 
shape f a c t o r  f o r  tower weight (0.75); 
shape f a c t o r  f o r  tower cost (1.0); 
number o f  p a r a l l e l  cables; ( 3 ) ;  
sa fe ty  f a c t o r  f o r  cables (1.5); 
safety  f a c t o r  f o r  combined bending- 
compression s t ress i n  the tower (1.25); - safety  f a c t o r  f o r  cable s t ress (1.50); 
sa fe ty  f a c t o r  f o r  compressive s t ress  i n  

1 8 psi.);  

t o n e r  (2.00); 
buck l i ng  f a c t o r  (0.60); 

, - load on the cable i n c l u d i n g  cable weight and 

c1 - cost of the cable mater ia l  per u n i t  weight 

Q - cost o f  the tower mater ia l  per u n i t  weight 

i c e  accumulation; 

(0.40 $/lb.);  

(0.09 $/ lb .  1; 
c3 - cost o f  the foundation per tower 

k v o l  - r a t i o  o f  the volume of i c e  t o  t h e  
volume o f  the cable ( 3 ) ;  

ui - al lowable s t ress  fo r  the  cable (44 k s i ) ;  
02  - a l lowable s t ress f o r  t he  tower (36 k s i ) ;  
h - cable-to-ground clearance (H-f); 
hr - requi red cable-to-ground clearance (32.8 

The s t rength of ma te r ia l s  equations f o r  t h e  
problem are: 

Weight on the  u n i t  l eng th  o f  t he  cable i n c l u d i n g  
i c e  

($50,000 .OO) ; 

ft.); 

Sag o f  the cable and I t s  t r u e  length (assuming 
i nextensional cable)  

f = q L2/(8 P)  

1 = L(1.0 t 2.67(f2/L)) 

A6 

A7 

Stress i n  the  cable 

0 s2 P I A  
C 

A8 

Stress i n  the  tower due t o  combined compression . 
and bending; t he  worst case o f  the l a t t e r  occurs 
when the cables break on one side of the  tower 

. - 

u = (nPH/rR2t) + (nP(4f/L)) A9 
T 
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' 
' C r f t i c a l  stress fo r  c y l i n d r i c a l  w a l l  buck l l ng  

(conservat ive ly  us ing a fo rnu la  f o r  un i form 
c#presslon although t h e  tower Is I n  the s t a t e  
o f  c a d i n o d  conOrerslon and bending) 

A10 

C r i t i c a l  fora of t h e  tmr buck l i ng  i n  t h e  
c o l u m  m d e  

F - w3ER3t/(4 2) 
c r l  t 

A 1  1 

The t o t a l  ma te r ia l  weight o f  the towers and 
cables (neglect lng the l a s t  tower) 

W t  = ( A L m l  + I I Q ~ R ~ H Y ~ ) ( D / L )  A 1 2  

The t o t a l  cost o f  t he  transmission l i n e  and 
towers i n c l u d i n g  t h e  foundation costs 

( m 2 r c 2 R t h 2 )  + ca)(D/L) A 1 3  

The ob jec t i ves  o f  the problem are contr ibuted by 
eq. A 1 2 ,  A 1 3 ,  and the  tower he ight  H. 
s t r a i n t s  are: 

The con- 

cable t o  ground clearance 

1 1  h > h r  

s t reng th  o f  t he  tower 

A 1 4  

A21 

where: Fek are p rev ious l y  computed feasable 
so lut lons,  It becones poss lb le  t o  assign p r l o r -  
i t i e s  t o  the  ob jec t i ve  funct ions by c o n t r o l l i n g  
t h e  s h i f t e d  d is tance and slopes (i.e., t he  
r e l a t i v e  magnitudes o f  t he  normalized ob jec t i ves  
away from t h e i r  i n t e r s e c t i o n  point ) .  
observe t h a t  a t  t he  n u l t i o b j e c t i v e  constrained 
minimum po in t  we have 

One may 

f o r  a l l  t he  ob jec t i ve  funct ions Fk. 
n i t i o n  o f  Fk, t he  expression i n  parentheses 
may be regaided as a cons t ra in t  imposed on the 
ob jec t i ve  F k. 

known, one could rep lace Fokmin f o r  IFakl 

6k and 1 f o r  rtk i n  equation A 2 2  and, thus, 
formulate the op t im iza t i on  problem as fol lows. 

F ind X such t h a t  

By d e f i -  

If the value Fokmln i s  

"1 < a2/s1 A 1 5  

buck l l ng  o f  t he  tower i n  the c y l i n d r i c a l  wa l l  
and colutm mdes. respec t i ve l y  

aconp < a c y l  h R t I s 2  A 1 6  

where: acyl = %E(t/R)/s2 

acomp < FCRIT/s3 A 1 7  

This formulat ion s ta tes  a s o l u t i o n  t o  a set  of 
i nequa l i t i es ,  expressing the  i n t e n t  t o  modify 
the design t o  a s t a t e  i n  which a l l  t he  behavior- 
a1 cons t ra in t s  are s a t i s f l e d  and a l l  Objectives 
are maintained below o r  a t  t h e i r  t a rge t  
Fkmin. Thus the  procedure may a lso be 
categorized as a goal p rog raming  approach. 

s t reng th  o f  t he  cable 

Qc (a l l so  A18 

R a t i o  o f  R l t  

R l t  1. b i  A19 

R a t i o  o f  L/H 

L/HLbZ A 2 0  

The deslgn var iab les are A, R, t, H, L and P. 

The Hethod's Relat fonshlp t o  Goal P r o g r a m i n g  

It can be shown t h a t  t he  m t h o d  described 
I n  the  repo r t  re la tes  t o  t h e  methods o f  the goal 
p r o g r a m l n g  category. Indeed, by inc lud ing  
c o c f f l c i e n t s  I and I I n  equation 5 
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Table 1. Material Properties and Costs 
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Table 2A.  Cases for Three-Bar Truss Problem Table 28.  Results for Three-Bar Truss Problem 
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Table 3A.  Cases for Transmission 
Tower and Cables 

I 4.18 

2 4.20 

3 0.805 

4 4 3 4  

5 1.43 

6 1 .m 
1 0.9% 

0 6.091 

9 6.332 

10 3.782 

11 4.801 

12 1.153 

13 4.117 

14 4.213 

15 4.140 

I6 0.064 

11 I .OH 

IO 1.142 

19 4.006 

20 0.984 

1.11 

11.56 

14.05 

2.W 

2.65 

12.21 

12.44 

2.50 

5-23 

63.20 

0.640 

14.69 

10.20 

2.19 

2.12 

17.W 

12.20 

12.20 

2.05 

l t .42  

0.441 
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.IO8 

.I06 
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1.014 
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0.5% 

0.133 

0 . m  

0.199 

0.105 
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0.10) 

0.2341 
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2 1 1  

.20l 
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0.204 

0.2161 
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45 .m 
45.00 

45 .00 

75 .u 
76.89 
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69.67 

(0.15 

53.35 

u.21 

55.24 

63.65 

44.43 

43.79 

w.n 
42.11 

. - . - . - . 
Table 38.  Results for Trannmission Tower and Cables 

R (In.) W (In.) 1 (In.) 1 (in,*) P (lb.) t (In.) 

1mtria1 w t t i n s  of 0 1 s i ~  Varlabhs (15.00) (n0.00) ( 2 ~ 4  . (0.60) (=.a) (0 .4 )  

I 0.1U91 O.wU1 27.05 445.24 SOZ4.00 0.31 6141.00 0.13 

2 0.20176 0 . W 9 2  29.01 1019.00 2IOW.00 0.28 W30.10 0.22 

J 1.OW I.Zt34 20.92 397.20 I5W.00 0.43 7827.50 0.37 

4 0.37654 O.nS9 17.12 41.00  2655.W 0.56 4111.10 0.21 

6 e.42204 I.IW 21.61 411.00 wn.m 0.u 41s.w t .13  

6 0.5- i . 1 ~ 2  1 4 . 8  M.ZO i6s.w o.n u m . 0 0  0.28 
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0 Figure 1. ConstrainGd to unconstrained 
Conversion, Infaasable Initial Design x - 

Figure 2. Constrained to Unconstraine P 
Conversion, Peasable Initial Design x 
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Pigura 3. Constrained to Unconstrained 
Conversion, Constrained Minimum xcm 

?igure 4. Constrained to Unconstrained 
Conversion with Hultiple Objectives 
at Constrained Minimum 

Figure 5. Symetric Three Bar Truss 
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Figure 6. Weight/Cost Comparison, 
Three Bar Truss . 
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Figure 7. Weight/Cost Comparison, 
Three Bar Truss 
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Figure 8. Transmission Tower with Cables 
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Figure 9. Weight/Cost Conparison, 
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